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Orders on words and on Coxeter group elements

Definition (Orders on Coxeter group elements)
Right weak order
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Orders on words and on Coxeter group elements

Let u=uy--- Uk and V=V -V

o u left factor of v if v=ug---u---
e uright factor of v if v ="---uj - uy
u factorof vifv=-..

usubword of vifv=.-.

e Right weak order

o |eft weak order
Left-right weak order
Bruhat order
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Orders on words and on Coxeter group elements

letu=uw1---ugandv=vy---v:
e yleft factorof vifv=u; - u---
e uright factor of v if v ="---uj - uy
e yfactorof vifv=---up---ug---

e Right weak order

e Left weak order

o Left-right weak order
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Orders on words and on Coxeter group elements
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u left factor of v if v =g - uy---

e uright factor of v if v ="---uj - uy
e yfactorof vifv—=---ug---u---
e ysubwordof vifv—=---uj---up---uy---

Right weak order

Left weak order

Left-right weak order
Bruhat order
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The bi-Hecke monoid
Size OfM(W) = <7T1,7T2, 500 &g S50 o >
IM(S,)| = 1,3,23,477,31103, ?
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The bi-Hecke monoid

Size OfM(W) = <7T1,7T2,. RS BRSO >

IM(S,)| = 1,3,23,477,31103, ?

e How to attack such a problem?
e Generators and relations?

e Representation theory?

M(W) admits |W| simple / indecomposable projective modules

e Why do we care?

IM(W)| = )" dimS,,.dim P,

weW



The bi-Hecke monoid

Representation theory of algebras

Module: vector space V with a morphism M — End(V)

Simple module: V contains no nontrivial submodule
Indecomposable module: V' cannot be written as V = V; & V,
Projective module: V@ --- =C[M| & --- & C[M]
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Representation theory of algebras

Module: vector space V with a morphism M — End(V)

Simple module: V contains no nontrivial submodule
Indecomposable module: V' cannot be written as V = V; & V,
Projective module: V& .- =C[M]| & --- & C[M]

Simple modules < indecomposable projective modules
Dimension formula, . ..

Keys role of idempotents:
e eM projective module

e If f = wev then fM is isomorphic to a submodule of eM
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Representation theory of monoids

X,y € M are in the same J-class iff

x = uyv and y = u'xv/for someu, v, v, v/ € M

A J-class is regular iff it contains an idempotent
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Hecke group algebras

Hecke group algebras and affine Hecke algebras
Representation theory of monoids

X,y € M are in the same J-class iff

x = uyv and y = u'xv/for someu, v, v, v/ € M

A J-class is regular iff it contains an idempotent

The regular J-classes (essentially) determine the simple modules.
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Key combinatorial lemma

Forf e M, andv € W:
o Either (sjv).f =s; (v.f) or (sjv).f = v.f

o If w = uv, then (uv).f = v (v.f), where u' <pgrpat U

Preservation of left order: u <; v = u.f <, v.f

e f in M is determined by its fibers and image set

e When v’ = u, f is an isomorphism on [u, v]
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Key combinatorial lemma
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Key combinatorial lemma

Forf e M, andv € W:
o Either (sjv).f =s; (v.f) or (sjv).f = v.f

o If w = uv, then (uv).f = v (v.f), where u' <pgrpat U

e Preservation of left order: u <; v — u.f <; v.f
e f in M is determined by its fibers and image set

o When u' = u, f is an isomorphism on [u, v],
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Main theorem

M(W) admits |W| simple modules

e M acts transitively on intervals [u, v],

e The image set of an idempotent is an interval

Existence of an idempotent e, with image set [1, w], for each
we W

The e, form a transversal of the regular J-classes

The groups e, Me,, are trivial
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Main theorem

M(W) admits |W| simple modules

M acts transitively on intervals [u, v],

The image set of an idempotent is an interval

Existence of an idempotent e, with image set [1, w], for each
weWw

e The e, form a transversal of the regular J-classes

e f = vev if and only if imf is a sub interval of ime

The groups e, Me,, are trivial
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Dimension of simple and projective modules?

Submonoid: M; = {f € M, f(1) =1}
Properties:

Idempotents: (ew)wew

|W/| simple modules of dimension 1

Semi simple quotient: monoid algebra of (W, V)
e Conjugacy order among idempotents: <;r
dimP, = |{f € My, f(w)=w...}| ?

Inducing those results to M?
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Hecke group algebras

A silly idea during a brainstorm (Thibon, Novelli, H., T., 2003)

Glue C[W] and H(W)(0) on their right regular representations:

HW := Q[m1,m2,...,51,%,...] C End(CW)
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Hecke group algebras

A silly idea during a brainstorm (Thibon, Novelli, H., T., 2003)

Glue C[W] and H(W)(0) on their right regular representations:

HW := Q[m1,m2,...,51,%,...] C End(CW)

e Any interesting structure?
e Contains all Hecke algebras by construction

e Type A: dimension and dimension of the radical in the Sloane!
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The Hecke group algebra of rank 1

W :={1,s} CW:=Ci1aeCs

(-6 =€) ~(9)
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The Hecke group algebra of rank 1

W :={1,s} CW:=Ci1aeCs

(1—-s5).id=(1-15), (I-s)s=—(1-5), (I1-s)t=0

=) (=g = =



The bi-Hecke monoid

Hecke group algebras

Hecke group algebras and affine Hecke algebras
Structure theory of Hecke group algebras (1)
Left / right descent sets:
Dr(w) :={ieS|w=ws} Di(w):={ieS|w=sw'}
v € CW i-left antisymmetric if s;v = —v
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Structure theory of Hecke group algebras (1)

Left / right descent sets:
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v € CW i-left antisymmetric if s;v = —v

Basis of HW:  {wm, | Dr(w)NDy(w') = 0}
HW algebra of left antisymmetry preserving operators
HW?™ algebra of left symmetry preserving operators
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Structure theory of Hecke group algebras (1)

Left / right descent sets:

Dr(w) :={ieS|w=ws} Di(w):={ieS|w=sw'}

v € CW i-left antisymmetric if s;v = —v

Basis of HW:  {wm, | Dr(w)NDy(w') = 0}
HW algebra of left antisymmetry preserving operators
HW?™ algebra of left symmetry preserving operators

e Proof: simultaneous triangularity of basis and linear relations
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Structure theory of Hecke group algebras (1)

Left / right descent sets:

Dr(w) :={ieS|w=ws} Di(w):={ieS|w=sw'}

v € CW i-left antisymmetric if s;v = —v

Basis of HW:  {wm, | Dr(w)NDy(w') = 0}
HW algebra of left antisymmetry preserving operators
HW?™ algebra of left symmetry preserving operators

e Proof: simultaneous triangularity of basis and linear relations

e Straightening relations? Presentation?
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Structure theory of Hecke group algebras (I1)
e Modules P, for | C S:
P, = {V e CW | siv=—s;,Vi € /}

e Boolean lattice: /| C J=— P, C P,

o Combinatorics of descent classes: dim P; = |LW/|
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Structure theory of Hecke group algebras (I1)

e Modules P, for I C S:
P, = {V e CW | siv=—s;,Vi € /}
e Boolean lattice: /| C J=— P, C P,
o Combinatorics of descent classes: dim P; = |LW/|
e Good basis of CW: compatible with restriction on each P;:
e Parex: v, = Z (1) w'w | wew
w’'€Ws\p (w)

e Or the Kazhdan-Lusztig basis to be fancy
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Structure theory of Hecke group algebras (1)

Modules P, for | C S:

P :={veCW|sv=-—s,Viel}

Boolean lattice: | C J— P, C P,

Combinatorics of descent classes: dim P, = |LW/|
Good basis of CW': compatible with restriction on each P;:

e Parex: v, = Z -1)"w'w | wew
w'€Ws\p, (w)
e Or the Kazhdan-Lusztig basis to be fancy

Realization of the Hecke group algebra as digraph algebra:
Basis: {ew’wl ’ D[_(W) C D[_(W/)}, where ew,w’(vw”)(sw”,wvw'




Representation theory of Hecke group algebras

Question

Is there a link with the affine Hecke algebra?
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Representation theory of Hecke group algebras

® e, w. max. decomposition of id into orthogonal idempotents

o HW Morita equivalent to the poset algebra of boolean lattice

e Projective modules: P,
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Representation theory of Hecke group algebras

® e, w. max. decomposition of id into orthogonal idempotents

HW Morita equivalent to the poset algebra of boolean lattice

Projective modules: P,

Simple modules: Sy :== Py / Z P,

Jol
Left-antisymmetries on |, left-symmetries on the complement
By restriction:
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Representation theory of Hecke group algebras
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HW Morita equivalent to the poset algebra of boolean lattice

Projective modules: P,

Simple modules: S; := P; / Z P,

Jol
Left-antisymmetries on |, left-symmetries on the complement

By restriction:
e Exactly the Young's ribbon representation of W
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Representation theory of Hecke group algebras

® e, w. max. decomposition of id into orthogonal idempotents

HW Morita equivalent to the poset algebra of boolean lattice
e Projective modules: P,

Simple modules: S; := P; / Z P,

Jol
Left-antisymmetries on |, left-symmetries on the complement

By restriction:

e Exactly the Young's ribbon representation of W
o Exactly the projective modules of H(W)(0)

Is there a link with the affine Hecke algebra?
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Level O action of the type Al affine Hecke algebra
Hq, He,
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Level O action of the type Al affine Hecke algebra

Hq, He,
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Level O action of the type Al affine Hecke algebra
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Level O action of the type Al affine Hecke algebra
Hq, He,
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Level O action of the type Al affine Hecke algebra
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Level O action of the type Al affine Hecke algebra
Ha1 = Ha Hao = Ha

1,0

1,1

Ha1,2

Ha1,3
1

0

Hal,—2
Hoq,—l
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Level O action of the type Al affine Hecke algebra

Hal = Hal,o Hao = Hal,l H
so(C) C s1(C) o2
1Ha1,3
0
Hal,—2

Hoq,—l
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Level O action of the type Al affine Hecke algebra
Ha1 = Ha Hao = Ha

1,0

1,1

Ha1,2
Ha1,3
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Level O action of the type Al affine Hecke algebra
Hal = HaLo Hao = Ha
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Level 0 action of the type Al affine Hecke algebra
Hal = Halyo Hao = Ha

1,1

o W degenerates trivially to W of type A;; W = W x T
o H(W)(0) acts transitively on W
o H(W)(0) degenerates to HW, not H(W)(0)!



Level O action of affine Hecke algebras
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Level O action of affine Hecke algebras

W : affine Weyl group
W: finite Weyl group induced by the level 0 action

At level 0:
e W is quotiented to W
o, M1, 72, ... act transitively on W

o H(W)(0) is quotiented to HW
H(W)(q) is quotiented to H W, for g generic
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Level O action of affine Hecke algebras
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Level O action of affine Hecke algebras

W : affine Weyl group
W: finite Weyl group induced by the level 0 action

At level 0:
e W is quotiented to W
® T, 71, 72,... act transitively on W

o H(W)(0) is quotiented to HW
o H(W)(q) is quotiented to HW, for q generic
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Hecke group algebras and principal series representations
o YN € H(W)(q) (analog of translations in W)
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Hecke group algebras and principal series representations

o YN € H(W)(q) (analog of translations in W)
e C[Y]: commutative algebra, C[Y]"W: center of H(W)(q)
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Hecke group algebras and principal series representations

o YN € H(W)(q) (analog of translations in W)
e C[Y]: commutative algebra, C[Y]": center of H(W)(q)
e t: character on C[Y]
o Central specialization of C[Y]" on t:
Quotient H(q, t) of H(W)(q) of dimension |W/ 2
o Representation p; :=t TEE%)(") of H(W)(q) on CW:
Quotient of H(gq, t), generically trivial
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Hecke group algebras and principal series representations

o YN € H(W)(q) (analog of translations in W)
e C[Y]: commutative algebra, C[Y]": center of H(W)(q)

e t: character on C[Y]
e Central specialization of C[Y]" on t:
Quotient H(q, t) of H(W)(q) of dimension |W/|?
e Representation p; ==t Tgf%)(q) of H(W)(q) on CW/:
Quotient of H(q, t), generically trivial

Take q non zero and non root of unity, and t : Y»' — g="t(*")
Then, pe(H(W)(q)) = HW
l.e. HW (non trivial!) quotient of H(q,t) and of H(W)(q)
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Hecke group algebras and principal series representations

o YN € H(W)(q) (analog of translations in W)
e C[Y]: commutative algebra, C[Y]"W: center of H(W)(q)

e t: character on C[Y]
e Central specialization of C[Y]" on t:
Quotient H(q, t) of H(W)(q) of dimension |W/|?
e Representation p; ==t Tgf%)(q) of H(W)(q) on CW/:
Quotient of H(q, t), generically trivial

Take q non zero and non root of unity, and t : Y»' — g="t(*")
Then, pe(H(W)(q)) = HW
l.e. HW (non trivial!) quotient of H(q,t) and of H(W)(q)

e Proof: diagonalization of the action of Y on CW, using
alcove walks and the intertwining operators 7;
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Hecke group algebras and principal series representations

o YN € H(W)(q) (analog of translations in W)
e C[Y]: commutative algebra, C[Y]"W: center of H(W)(q)

e t: character on C[Y]
e Central specialization of C[Y]" on t:
Quotient H(q, t) of H(W)(q) of dimension |W/|?
e Representation p; ==t Tgf%)(q) of H(W)(q) on CW/:
Quotient of H(q, t), generically trivial

Take q non zero and non root of unity, and t : Y»' — g="t(*")
Then, pe(H(W)(q)) = HW
l.e. HW (non trivial!) quotient of H(q,t) and of H(W)(q)

e Proof: diagonalization of the action of Y on CW, using
alcove walks and the intertwining operators 7;

e What happens at roots of unity?
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