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Interpolation / Finite Di�erences / Newton Polynomials

The �nite di�erence method is used, among other things, to calculate iteratively the values

taken by a polynomial over the integers with no multiplication following a preliminary cal-

culation. This method is also widely used in numerical analysis to calculate approximations

of derivatives.

For n + 1 pairs (xi, yi), we look for a function Φ such that Φ(xi) = yi for 0 ≤ i ≤ n. In the case
of polynomial interpolation, we look for the function Φ in the form of a polynomial. The problem is
therefore reduced to �nding a polynomial P of degree n such that P (xi) = yi for 0 ≤ i ≤ n.

1 Lagrange interpolation

xExercice 1. (Existence and uniqueness)

Show that given n + 1 distinct pairs (x0, y0), . . . , (xn, yn) such that xi ̸= xj , there is a unique
polynomial P of degree n such that P (xi) = yi for 0 ≤ i ≤ n. We assume the following formula, which
gives the Vandermonde determinant :∣∣∣∣∣∣∣∣∣

1 x0 x2
0 . . . xn

0

1 x1 x2
1 . . . xn

1
...

. . .
...

1 xn x2
n . . . xn

n

∣∣∣∣∣∣∣∣∣ =
∏
i>j

(xi − xj) (1)

Application : Calculate the interpolating polynomial by replacing the coordinates of the points in
the polynomial expression and solve the linear system : �nd the polynomial interpolating a function
passing through the points (−1, 2), (1, 4), (3, 2) and (5, 1).

xExercice 2. (Second method : Lagrange method)

The Lagrange interpolating polynomial has the form

Π(x) :=

n∑
i=0

yiLi(x) (2)

where the

Li(x) :=

n∏
j=0, j ̸=i

x− xj

xi − xj
. (3)

are called Lagrange basis polynomials.

1. Show that Li(xi) = 1 and Li(xk) = 0 if i ̸= k.

2. Deduce that for n+1 distinct pairs (x0, y0), . . . , (xn, yn), the Lagrange polynomial does indeed
constitute an interpolation.

3. Calculate the interpolating polynomial of the function passing through the points
(−1, 3), (0, 1), (1, 2), (3,−1) and (4,−5).
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2 Finite di�erences

Let P (X) be a polynomial. The �nite di�erence operator notated ∆ acts on the polynomial P (X)
as follows :

∆P (X) := P (X + 1)− P (X) . (4)

xExercice 3. Some properties of the ∆ operator

1. Let Q(X) := X3 + 2X2 +X + 2. Calculate ∆Q(X).

2. Show that ∆ is linear, i.e. if a and b are constants and if P (X) and Q(X) are polynomials, then

∆(aP (X) + bQ(X)) = a∆P (X) + b∆Q(x) . (5)

3. Show that for two polynomials P and Q, we have

∆(P (X)Q(X)) = Q(X + 1)∆P (X) + P (X)∆Q(X) . (6)

xExercice 4. Iteration of the ∆ operator

By induction, we de�ne ∆0P (X) := P (X) and ∆n+1P (X) := ∆(∆nP (X)) for all n ≥ 0.

4. Using the polynomial Q(X) from exercise 1, calculate ∆nQ(X) for all n ≥ 0. What do you
notice ?

5. Show generally that if P (X) :=
∑d

i=0 aiX
i is a polynomial of degree d (i.e. ad ̸= 0), then

∆P (X) is a polynomial of degree d− 1. What is the leading coe�cient of ∆P (X) ?

6. Deduce that ∆dP is a constant polynomial equal to d!ad.

xExercice 5. Calculating the values of a polynomial over the integers

7. Let P = aX + b be a polynomial of degree 1 given by P (0) and P (1). What is the polynomial
∆P ? Is it possible to calculate P (2), P (3), . . . without calculating P (X) ?

8. If P = aX2 + bX + c is a polynomial of degree 2 given by P (0), P (1) and P (2), How can
we calculate ∆2P ? How can we calculate ∆P (2),∆P (3),∆P (4) . . . ? How can we calculate
P (3), P (4), . . . ?

9. Let P (X) be a polynomial of degree d whose values for 0, 1, . . ., d are known. How can we
calculate ad with no multiplication ?

10. Provide an algorithm that calculates the values of P for d+1, d+2, . . . with no multiplication.

xExercice 6. Logic test

Continue the following sequences

11. U = 1, 3, 5, 7, 9, . . . ;

12. V = 1, 5, 11, 19, 29, . . . ;

13. W = 1, 9, 29, 67, 129, 221, . . . ;

14. X = 1, 13, 73, 241, 601, 1261, 2353, . . . ;
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xExercice 7. Newton polynomials

The following polynomial is called a Newton polynomial of order n for any n ≤ 0 :

An(X) :=
X(X − 1)(X − 2)(X − 3) . . . (X − n+ 1)

n!
(7)

15. What is the degree of An(X) ?

16. Show that for n > 0 we have ∆An(X) = An−1(X).

17. Show that for any polynomial P (X) of degree d there is a unique d + 1-tuple of coe�cients
(c0, . . . cd) such that

P (X) =

d∑
i=0

ciAn(X) . (8)

18. How can we calculate the values of ci e�ciently ?

19. Deduce an interpolation algorithm for a function f whose values are known over the integers
0, 1, . . ., n.
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