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Coxeter groups

Generators : (s;);

cs (simple reflections)
Relations: s?=1 and ss;---=sjs;--, fori#j
—— =
mj j mj ;

Group algebra: C[W]

Example (Type A,: symmetric group &,1)

Generators: (sj)j=1,..n (elementary transpositions)
Relations:

s2=1 forall1<i<n,
SiSj = Sjs; for all |i — j| > 1,

SiSi+1Si = Si+1SiSi+1 for all 1 < i <n-— 1.
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Existence for all types (including twisted)

e Type B: 2>2—3=>4

1<2<3<4<4<3<2<1

2134
Type-free induction strategy

Case by case induction step

Brute force on computer for the exceptional types (Eg!)
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Motivation

Recursive sorting algorithms in other types

Sorting monoids and algebras
e Similar algorithms for types B, C, D

Existence for all types (including twisted)

e Type B: 2>2—3=>4

1<2<3<4<4<3<2<1

2134
Type-free induction strategy

Case by case induction step

Brute force on computer for the exceptional types (Eg!)
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Motivation

Recursive sorting algorithms in other types

Sorting monoids and algebras
e Similar algorithms for types B, C, D

Existence for all types (including twisted)

e Type B: 2>2—3=>4

1<2<3<4<4<3<2<1

2314
Type-free induction strategy

Case by case induction step

Brute force on computer for the exceptional types (Eg!)
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Motivation

Recursive sorting algorithms in other types

Sorting monoids and algebras
e Similar algorithms for types B, C, D

Existence for all types (including twisted)

e Type B: 2>2—3=>4

1<2<3<4<4<3<2<1

2314
Type-free induction strategy

Case by case induction step

Brute force on computer for the exceptional types (Eg!)
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Motivation

Recursive sorting algorithms in other types

Sorting monoids and algebras
e Similar algorithms for types B, C, D

Existence for all types (including twisted)

e Type B: 2>2—3=>4

1<2<3<4<4<3<2<1

3214
Type-free induction strategy

Case by case induction step

Brute force on computer for the exceptional types (Eg!)
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Motivation

Recursive sorting algorithms in other types

Sorting monoids and algebras
e Similar algorithms for types B, C, D

Existence for all types (including twisted)

e Type B: 2>2—3=>4

1<2<3<4<4<3<2<1

3214
Type-free induction strategy

Case by case induction step

Brute force on computer for the exceptional types (Eg!)
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Motivation

Recursive sorting algorithms in other types

Sorting monoids and algebras
e Similar algorithms for types B, C, D

Existence for all types (including twisted)

e Type B: 2>2—3=>4

1<2<3<4<4<3<2<1

3241
Type-free induction strategy

Case by case induction step

Brute force on computer for the exceptional types (Eg!)
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Motivation

Recursive sorting algorithms in other types

Sorting monoids and algebras
e Similar algorithms for types B, C, D

Existence for all types (including twisted)

e Type B: 2>2—3=>4

1<2<3<4<4<3<2<1

3241
Type-free induction strategy

Case by case induction step

Brute force on computer for the exceptional types (Eg!)
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Motivation

Recursive sorting algorithms in other types

Sorting monoids and algebras
e Similar algorithms for types B, C, D

Existence for all types (including twisted)

e Type B: 2>2—3=>4

1<2<3<4<4<3<2<1

3214
Type-free induction strategy

Case by case induction step

Brute force on computer for the exceptional types (Eg!)
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Motivation

Recursive sorting algorithms in other types

Sorting monoids and algebras
e Similar algorithms for types B, C, D

Existence for all types (including twisted)

e Type B: 2>2—3=>4

1<2<3<4<4<3<2<1

3124
Type-free induction strategy

Case by case induction step

Brute force on computer for the exceptional types (Eg!)
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Motivation

Recursive sorting algorithms in other types

Sorting monoids and algebras
e Similar algorithms for types B, C, D

Existence for all types (including twisted)

e Type B: 2>2—3=>4

1<2<3<4<4<3<2<1

3124
Type-free induction strategy

Case by case induction step

Brute force on computer for the exceptional types (Eg!)
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Motivation

Recursive sorting algorithms in other types

Sorting monoids and algebras
e Similar algorithms for types B, C, D

Existence for all types (including twisted)

e Type B: 2>2—3=>4

1<2<3<4<4<3<2<1

1324
Type-free induction strategy

Case by case induction step

Brute force on computer for the exceptional types (Eg!)
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Motivation

Recursive sorting algorithms in other types

Sorting monoids and algebras
e Similar algorithms for types B, C, D

Existence for all types (including twisted)

e Type B: 2>2—3=>4

1<2<3<4<4<3<2<1

1324
Type-free induction strategy

Case by case induction step

Brute force on computer for the exceptional types (Eg!)
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Motivation

Recursive sorting algorithms in other types

Sorting monoids and algebras
e Similar algorithms for types B, C, D

Existence for all types (including twisted)

e Type B: 2>2—3=>4

1<2<3<4<4<3<2<1

1342
Type-free induction strategy

Case by case induction step

Brute force on computer for the exceptional types (Eg!)
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Motivation

Recursive sorting algorithms in other types

Sorting monoids and algebras
e Similar algorithms for types B, C, D

Existence for all types (including twisted)

e Type B: 2>2—3=>4

1<2<3<4<4<3<2<1

1342
Type-free induction strategy

Case by case induction step

Brute force on computer for the exceptional types (Eg!)
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Motivation

Recursive sorting algorithms in other types

Sorting monoids and algebras
e Similar algorithms for types B, C, D

Existence for all types (including twisted)

e Type B: 2>2—3=>4

1<2<3<4<4<3<2<1

1324
Type-free induction strategy

Case by case induction step

Brute force on computer for the exceptional types (Eg!)
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Motivation

Recursive sorting algorithms in other types

Sorting monoids and algebras
e Similar algorithms for types B, C, D

Existence for all types (including twisted)

e Type B: 2>2—3=>4

1<2<3<4<4<3<2<1

1234
Type-free induction strategy

Case by case induction step

Brute force on computer for the exceptional types (Eg!)
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Motivation

Recursive sorting algorithms in other types

Sorting monoids and algebras
e Similar algorithms for types B, C, D

Existence for all types (including twisted)

e Type B: 2>2—3=>4

1<2<3<4<4<3<2<1

2134
Type-free induction strategy

Case by case induction step

Brute force on computer for the exceptional types (Eg!)
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Recursive sorting algorithms in other types

Sorting monoids and algebras
e Similar algorithms for types B, C, D

Existence for all types (including twisted)

e Type B: 2>2—3=>4

1<2<3<4<4<3<2<1

2134
Type-free induction strategy

Case by case induction step

Brute force on computer for the exceptional types (Eg!)
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Recursive sorting algorithms in other types

Sorting monoids and algebras
e Similar algorithms for types B, C, D

Existence for all types (including twisted)

e Type B: 2>2—3=>4

1<2<3<4<4<3<2<1

2314
Type-free induction strategy

Case by case induction step

Brute force on computer for the exceptional types (Eg!)
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Motivation

Recursive sorting algorithms in other types

Sorting monoids and algebras
e Similar algorithms for types B, C, D

Existence for all types (including twisted)

e Type B: 2>2—3=>4

1<2<3<4<4<3<2<1

2341
Type-free induction strategy

Case by case induction step

Brute force on computer for the exceptional types (Eg!)
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Motivation

Recursive sorting algorithms in other types

Sorting monoids and algebras
e Similar algorithms for types B, C, D

Existence for all types (including twisted)

e Type B: 2>2—3=>4

1<2<3<4<4<3<2<1

2341
Type-free induction strategy

Case by case induction step

Brute force on computer for the exceptional types (Eg!)
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Motivation

Recursive sorting algorithms in other types

Sorting monoids and algebras
e Similar algorithms for types B, C, D

Existence for all types (including twisted)

e Type B: 2>2—3=>4

1<2<3<4<4<3<2<1

2314
Type-free induction strategy

Case by case induction step

Brute force on computer for the exceptional types (Eg!)
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Motivation

Recursive sorting algorithms in other types

Sorting monoids and algebras
e Similar algorithms for types B, C, D

Existence for all types (including twisted)

e Type B: 2>2—3=>4

1<2<3<4<4<3<2<1

2134
Type-free induction strategy

Case by case induction step

Brute force on computer for the exceptional types (Eg!)
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Motivation

Recursive sorting algorithms in other types

Sorting monoids and algebras
e Similar algorithms for types B, C, D

Existence for all types (including twisted)

e Type B: 2>2—3=>4

1<2<3<4<4<3<2<1

2134
Type-free induction strategy

Case by case induction step

Brute force on computer for the exceptional types (Eg!)
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Motivation

Recursive sorting algorithms in other types

Sorting monoids and algebras
e Similar algorithms for types B, C, D

Existence for all types (including twisted)

e Type B: 2>2—3=>4

1<2<3<4<4<3<2<1

1234
Type-free induction strategy

Case by case induction step

Brute force on computer for the exceptional types (Eg!)
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Recursive sorting algorithms in other types

e Similar algorithms for types B, C, D

e Existence for all types (including twisted)

e Type B: 2>2—3#4 1<2<3<4<4<3<2<1

1234

Type-free induction strategy

Case by case induction step
Brute force on computer for the exceptional types (Eg!)
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Recursive sorting algorithms in other types

e Similar algorithms for types B, C, D

e Existence for all types (including twisted)

e Type B: 2>2—3#4 1<2<3<4<4<3<2<1

1234

e Type-free induction strategy

Case by case induction step
Brute force on computer for the exceptional types (Eg!)
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Recursive sorting algorithms in other types

e Similar algorithms for types B, C, D

e Existence for all types (including twisted)

e Type B: ?>2—3#4 1<2<3<4<4<3<2<1

1234

e Type-free induction strategy

e Case by case induction step
Brute force on computer for the exceptional types (Es!)
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Geometric argument (1)

7, 1, ™2 on (o
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Geometric argument (1)
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o, w1, T2 on G Quotient at level 0
(Steinberg torus)

Sorting monoids and algebras
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Geometric argument (1)

12
12 21 V
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21 21
2 1 s s
vV
2l 0 1 8%,
(6%
21 12 046/ 2
Vv
«,
12

o, m1, T2 on (o Quotient at level 0  Alcove picture at level 1
(Steinberg torus)
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Motivation

Sorting monoids and algebras

Type free geometric argument (I1)
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lwahori-Hecke algebras

Motivation

0-(lwahori)-Hecke algebras (or monoids)

Sorting monoids and algebras
Generators : (7;)ies
Relations: 72 =

and T = = TT - - fori;éj
—— =
mj j
Basis: (7w )wew

m,-J
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0-(lwahori)-Hecke algebras (or monoids)

Generators : (7;)ies

Relations: 77,-2 =m and wimj---=mmi---fori#j
—_—— =
m,-’j m,-,j
Basis: (7w )wew
Example (Type A,)
Generators: (7)i=1,...n
Relations:
7r,-2:7r,- forall1 <i<n,
W = T forall |i —j| > 1,

TTi1T] = Tj41TTj4+1 for a”lSiSn—l.
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lwahori-Hecke algebras

Motivation

Sorting monoids and algebras
Hecke algebras
Take g1 and g» parameters, and set g :=

_q
a2’
Generators : (T;)ies Relations:
TI'-IT['“' — T/-r" fori#j
—_—— ~—

(Ti —aq)(Ti — q2)

Basis:

=0 and
(TW)WGW
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lwahori-Hecke algebras

Motivation Sorting monoids and algebras
Hecke algebras
Take g1 and g» parameters, and set q := —%.
Generators : (T;)jes Relations: (T; —q1)(T; — g2) =0 and
T =TT, fori#j
—_—— ~—
Basis:  (Tw)wew

e At g = 1: group algebra C[W]
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Hecke algebras

Y
a2’

Generators : (T;)jes Relations: (T; —q1)(T; — g2) =0 and

Take g1 and g» parameters, and set g :=

T;Tij =TT fori#j
~—— Y~
mj ; (il j

Basis:  (Tw)wew

e At g = 1: group algebra C[W]
o At g = 0: 0-Hecke algebra H(W)(0)
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Hecke algebras

Y
a2’

Generators : (T;)jes Relations: (T; —q1)(T; — g2) =0 and

Take g1 and g» parameters, and set g :=

T;Tij =TT fori#j
~—— Y~
mj ; (il j

Basis:  (Tw)wew

e At g = 1: group algebra C[W]
o At g = 0: 0-Hecke algebra H(W)(0)
e At g1 = g» = 0: nilCoxeter algebra
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Hecke algebras

Y
a2’

Generators : (T;)jes Relations: (T; —q1)(T; — g2) =0 and

Take g1 and g» parameters, and set g :=

T;Tij =TT fori#j
~—— Y~
mj ; (il j

Basis:  (Tw)wew

e At g = 1: group algebra C[W]

o At g = 0: 0-Hecke algebra H(W)(0)

e At g1 = g» = 0: nilCoxeter algebra

e At g not 0 nor a root of unity: isomorphic to C[W]
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Hecke algebras

Y
a2’

Generators : (T;)jes Relations: (T; —q1)(T; — g2) =0 and
T =TT, fori#j
—_—— ~—

Take g1 and g» parameters, and set g :=

mj mj

Basis:  (Tw)wew

e At g = 1: group algebra C[W]

o At g = 0: 0-Hecke algebra H(W)(0)

e At g1 = g» = 0: nilCoxeter algebra

e At g not 0 nor a root of unity: isomorphic to C[W]
Motivation: Macdonald polynomials, mathematical physics,

Schur-Weyl duality for quantum groups, representations of GL(FFy),
and ...
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Motivation
Geometric questions:
Fl, variety of complete flags in C"
P=VocVicWVoC---CV,=C"

with dim V; =/
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Fl, variety of complete flags in C"
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with dim V; =/
Cohomology ring (Borel)
H*(Fl,, Z) =2 Z[x1, ..., %n]/In

with [, ideal generated by symmetric functions without constant
term



Motivation

Motivation

Geometric questions:
Fl, variety of complete flags in C"

@:\/oc VicW, C---C Vn:Cn
with dim V; =/
Cohomology ring (Borel)
H*(Fl,, Z) =2 Z[x1, ..., %n]/In

with [, ideal generated by symmetric functions without constant
term

Schubert classes <+ Schubert polynomials &, w € S,
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Algebraic definition of Schubert polynomials

n—1_n—2
GW:8W—1W0(x1 Xy "'Xn—l)

where 0; is the divided difference operator

oif = if for f € Z[xi, ..., xn)
Xi = Xit1



Bubble sort operators and Coxeter groups lwahori-Hecke algebras Motivation Sorting monoids and algebras

Algebraic definition of Schubert polynomials

n—1_n—2
GW:8W—1W0(x1 Xy ---x,,_l)

where 0; is the divided difference operator

oif = if for f € Z[xi, ..., xn)
Xi = Xit1

Relations
07 =0
0i0i410; = 0i410i0j+1
aiajzaj&' for |i—j| >1
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lwahori-Hecke algebras

Motivation

Combinatorial formulation of Schubert polynomials

Sorting monoids and algebras

Coefficient of x* - - x2" in &, (x1, . .

3 Xn):

number of factorizations of w in the nilCoxeter algebra into factors

of length as, ..., a, that are strictly decreasing
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Combinatorial formulation of Schubert polynomials

Coefficient of x{* -+ x2n in Sy (X1, ..., Xn):
number of factorizations of w in the nilCoxeter algebra into factors
of length as, ..., a, that are strictly decreasing

Replace nilCoxeter algebra by the 0-Hecke algebra
(T? =0 is replaced by 72 = m;)
~> Grothendieck polynomials
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Sorting algebras

e Transpositions: Q[si, s, ...]: algebra of the symmetric group
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Sorting algebras

e Transpositions: Q[si, s, ...]: algebra of the symmetric group

e Bubble antisort: Q[my, 7, ...]: 0-Hecke algebra
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Sorting algebras

e Transpositions: Q[si, s, ...]: algebra of the symmetric group
e Bubble antisort: Q[my, 7, ...]: 0-Hecke algebra
e Bubble sort: Q[71,72,...]: idem
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Sorting algebras

e Transpositions: Q[si, s, ...]: algebra of the symmetric group
e Bubble antisort: Q[my, 7, ...]: 0-Hecke algebra
e Bubble sort: Q[71,72,...]: idem

Variants:

L Q[T(l,ﬂ'2,...,51,52,...]:
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Sorting algebras

e Transpositions: Q[si, s, ...]: algebra of the symmetric group
e Bubble antisort: Q[my, 7, ...]: 0-Hecke algebra
e Bubble sort: Q[71,72,...]: idem

Variants:

L Q[T(l,ﬂ'2,...,51,52,...]:

° @[7‘(’1,7‘(’2,... ,fl,fz,...]i
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Sorting algebras

e Transpositions: Q[si, s, ...]: algebra of the symmetric group
e Bubble antisort: Q[my, 7, ...]: 0-Hecke algebra
e Bubble sort: Q[71,72,...]: idem

Variants:
L Q[ﬂ'l,Tr2,... ,51,52,...]:
° @[7‘(’1,7‘(’2, e, T, T2, .. ]

o Q[T{'o,ﬂ'l,WQ,...]Z
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Sorting algebras

e Transpositions: Q[si, s, ...]: algebra of the symmetric group
e Bubble antisort: Q[m1,m,...]: 0-Hecke algebra
e Bubble sort: Q[71,72,...]: idem

Variants:
L Q[ﬂ'l,ﬂ'z,... ,51,52,. ]
° Q[Trl,ﬂ'g, e T, T2, ]

o Q[Troﬂ'(’l,ﬂ'g, .. ]

Characterization, representation theory
Connection with the affine Hecke algebra
Combinatorics: descents




Bubble sort operators and Coxeter groups lwahori-Hecke algebras Motivation Sorting monoids and algebras

Sorting algebras

e Transpositions: Q[si, s, ...]: algebra of the symmetric group
e Bubble antisort: Q[m1,m,...]: 0-Hecke algebra
e Bubble sort: Q[71,72,...]: idem

Variants:
e Q[r1,72,...,51,5,...]: Hecke group algebra
° Q[Trl,ﬂ'g,...,ﬁl,fz,...]i idem!

o Q[ng, 71,72, ...]: idem!

Characterization, representation theory
Connection with the affine Hecke algebra
Combinatorics: descents
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Sorting monoids

e Transpositions: (si, s, ...): symmetric group
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Sorting monoids

e Transpositions: (si, s, ...): symmetric group

e Bubble antisort: (7,7, ...): 0-Hecke monoid
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Sorting monoids

e Transpositions: (si, s, ...): symmetric group
e Bubble antisort: (7,7, ...): 0-Hecke monoid

e Bubble sort: (71, 72,...): idem
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Sorting monoids

e Transpositions: (si, s, ...): symmetric group
e Bubble antisort: (7,7, ...): 0-Hecke monoid

e Bubble sort: (71, 72,...): idem
Variants:

L <7T1,7T2,...,51,52,...>2 ?
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Sorting monoids

e Transpositions: (si, s, ...): symmetric group
e Bubble antisort: (7,7, ...): 0-Hecke monoid
e Bubble sort: (71, 72,...): idem

Variants:

L <7T1,7T2,...,51,52,...>2 ?

o <7T1,7T2,...,fl,f2,...>: ?

Sorting monoids and algebras
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Sorting monoids

e Transpositions: (si, s, ...): symmetric group
e Bubble antisort: (7,7, ...): 0-Hecke monoid

e Bubble sort: (71, 72,...): idem
Variants:

L <7T1,7T2,...,51,52,...>2 ?
o <7T1,7T2,...,fl,f2,...>: ?

L <7T0,7T1,7T2,...>: ?

Sorting monoids and algebras



Bubble sort operators and Coxeter groups

lwahori-Hecke algebras

Motivation

Sorting monoids

Sorting monoids and algebras
e Transpositions: (si, s, ...
e Bubble antisort: (71, 1,

): symmetric group
e Bubble sort: (71,72,

): 0-Hecke monoid
Variants:

..): idem
(M1, M0y ey S1, 50,00 7

o (M1, T2y 1, T2y )t ?

® <7T0,7T177T2,

S ?

Representation theory for (w1, 7o, ..., T1,T2,...)

Combinatorics: left/right/Bruhat order, tilings of n-gons by rombis
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